Standard model is reconstructed using the generalized dierential calculus extended on the discrete space M 4 Z 3 . Z 3 is necessary for the inclusion of strong interaction. Our starting point is the generalized gauge eld expressed as A(x; y) = P i a y i ( x; y)da i (x; y); (y = 0 ; ), where a i (x; y) is the square matrix valued function dened on M 4 Z 3 and d = d + is generalized exterior derivative. We can construct the consistent algebra of d with the introduction of the symmetry breaking function M(y) and the spontaneous breakdown of gauge symmetry is coded in d . The gauge eld A (x; y) and Higgs eld (x; y) are written in terms of a i (x; y) and M(y), which might suggest a i (x; y) to be more fundamental object. The unied picture of the gauge eld and Higgs eld as the generalized connection in non-commutative geometry is realized. Not only Yang-Mills-Higgs lagrangian but also Dirac lagrangian, invariant against the gauge transformation, are reproduced through the inner product between the dierential forms. Two model constructions are presented, which are distinguished in the particle assignment of Higgs eld (x; y).
x1. Introduction
Higgs-Kibble mechanism is very important for the gauge theory with the spontaneous breakdown of symmetry. W einberg-Salam theory 1) based on this mechanism has elucidated many experimental mysteries of the electro-weak interactions since proposed in 1967. However, it seems to be rather articial and Higgs particle as the essential ingredient of this mechanism has not been detected from now, which h a v e persuaded one to investigate other alternatives 3) such as the technicolor model, Kaluza-Klein theory and etc.. Such alternatives , however, are by no means successful and satisfactory because of the extra physical modes like the technicolor particles.
Recently, Connes 3) has proposed the new approach which enables us to understand Higgs mechanism in non-commutative geometry on the discrete space M 4 Z 2 . The unied picture of the gauge eld and Higgs eld as the generalized connection on the discrete space is realized. However, the mathematical settings of his theory are so dicult that one is hard to understand it. Several versions have been extended in line with Connes's original idea to make his approach more understandable. Chamseddine, Felder and Frolich 4) provide more successful formalism to be applicable to grand unied theories with the complicated breaking pattern of symmetry. They introduce the generalized Dirac operator and get the gauge invariant lagrangian by use of Cliord algebra. Sitarz 5) investigated this problem in more familiar form with the ordinary dierential geometry. His approach is seemingly dierent to that of Connes. He introduced the fth one form basis and the corresponding exterior derivative d in addition to the ordinary one form basis dx and the exterior derivative d. His approach, however, seems to be dicult to be applied to the gauge theory with rather complicated breaking pattern like the grand unied theory K. Morita and the present author 6) developed this approach adopting the algebraic rules dierent from that of Sitarz also on M 4 Z 2 . W e i n troduced the matrix function M(y) ( y is a variable in Z 2 and y = ) which is a factor to determine the scale and pattern of the spontaneous breakdown of gauge symmetry. The introduction of M(y) makes the formalism more exible. However, Model I in Ref. 6 ) permits the appearance of gauge non-invariant term in Higgs potential and we h a v e to discard it by hand. This defect in our rst paper 6) has been overcome by taking account of the auxiliary elds according to Chamseddine et al. 4 ) and we could reproduce standard model in the completely gauge invariant way 7). However, the inclusion of the strong interaction into standard model was not successful and the treatment of fermion sector was unsatisfactory. The purpose of this paper is to present the complete formalism of standard model. (2) ) a i (x; 0) is 3 3 , a i ( x; +) is 2 2 and a i (x; ) i s 1 1 matrix.
Here dx is ordinary one form basis, taken to be dimensionless, in M 4 , and is the one form basis in the discrete space Z 3 assumed to be also dimensionless, and we assume y = . We h a v e i n troduced x-independent matrix M(y) whose hermitian conjugation is given by M(y) y = M( y). The matrix M(y) turns out to determine the scale and pattern of the spontaneous breakdown of the gauge symmetry. W e take M(0) = 0 because SU(3) c as the symmetry of strong interaction is not spontaneously broken. For this reason, one-form basis in Z 3 is only . We further dene the calculation rules as follows. a i (x; y)dx = dx a i (x; y); f(x; y) = f(x; y); 
) For example, we take the following manipulation. 
Here we require according to Chamseddine et al.4) X i a y i (x; y)a i (x; y) = 1 ; (8) without loss of generality, which leads to A y (x; y) = A ( x; y); y (x; y) = ( x; y): (9) Eqs. (7) and (8) 
In order to explicit expression of F(x; y), we h a v e to calculate dA(x;y) from Eq. 
The auxiliary eld Y (x; y) is denoted as
which plays an important role to insure the gauge invariance of Yang-Mills-Higgs lagrangian as shown later. A(x; y)^A(x; y) in Eq. (11) is calculated by use of Eq. (9) { 6 { as A(x; y)^A(x; y) = A ( x; y)A (x; y)dx ^d x + ( A ( x; y)(x; y) (x; y)A (x; y))dx ^ + ( x; y)(x; y)^:
From Eqs. (13) and (15) 
which indicates that H(x; y) is the un-shifted Higgs eld with the vacuum expectation value M(y) whereas (x; y) represents the physical eld with the vanishing vacuum expectation value. This is the meaning that M(y) determines the scale and pattern of the spontaneous breakdown of gauge symmetry. In order to construct gauge invariant lagrangian we h a v e t o i n v estigate the gauge transformation property. The gauge transformation is dened by A g (x; y) = g 1 ( x; y)A(x; y)g(x; y) + g 1 ( x; y)dg(x; y); (19) where g(x; y) is the gauge function with respect to the corresponding unitary group.
We take the operation
which together with Eq.(19) denes the gauge transformation law for A (x; y) and (x; y), A g (x; y) = g 1 ( x; y)@ g(x; y) + g 1 ( x; y)A (x; y)g(x; y) g (x; y) = g 1 ( x; y)(x; y)g(x; y) + g 1 ( x; y)(M(y)g(x; y) g(x; y)M(y)): (20) For the unphysical Higgs eld H(x; y), we h a v e H g ( x; y) = g 1 ( x; y)H(x; y)g(x; y): (21) This is the usual gauge transformation law of Higgs eld when the spontaneous breakdown of symmetry is not still switched on. The gauge transformation Eqs. (19) and (20) 
In order for the third equation in Eq.(24) to be consistent, Eq. (22) is inevitable. With these gauge transformations, the gauge invariant Y ang-Mills-Higgs lagrangian is obtainable.
In order to get the Yang-Mills-Higgs lagrangian from the eld strength F(x; y) which is the dierential two form, we h a v e to decide the metric structure of the discrete space M 4 Z 3 . The ordinary Minkowski metric in M 4 is to be supplemented by additional assumption that the fth direction is orthogonal to M 4 and the metric along the fth direction is left arbitrary:
< d x ; d x >=g ; g = diag(1; 1; 1; 1); < ; d x > = 0 ; < ; > = 2 :
The inner products of two-forms are taken to be
while other inner products among the basis two-forms vanish. It should be noticed that is not necessarily equal to because of the non-commutative property o f geometry under consideration.
Yang-Mills-Higgs sector
According to these metric structures and Eq. (27) where g y is the gauge coupling constant and tr denotes the trace over internal symmetry matrices. In Ref.6) we t o o k g y to be common value for y = . H o w ever, in this paper we take g y to be dierent v alues for y = 0 ; to discuss the inclusion of strong interaction. It should be remarked that Eq.(27)is Yang-Mills-Higgs lagrangian with the same number of parameters as in the ordinary Weinberg-Salam theory . We can not predict anything about Weinberg angle or Higgs mass in contrast to the situation in the non-commutative geometry approach. This is because is not necessarily equal to . I t m a y b e i n teresting to investigate under what conditions is equal to . It probably determines the non-commutativity of geometry under consideration.
fermionic sector
We propose the general framework to construct the gauge invariant Dirac lagrangian of the fermionic sector. Chamseddine et al.and others usually give the Dirac lagrangian by use of Cliord algebra. We w ant to get it in the same way a s Y ang-Mills-Higgs lagrangian in Eq. (27) is introduced by taking the inner product of the dierential forms. like (x; y) against Lorentz transformation. Let be the representation for (x; y) so that the gauge transformation is expressed as g (x; y) = ( g 1 ( x; y)) (x; y):
As A f (x; y) is Lee algebra for the fermion representation of gauge group under consideration, it is transformed as (A f (x; y)) g = (g 1 (x; y))A f (x; y)(g(x; y)) + (g 1 (x; y))@ (g(x; y)):
In addition, we h a v e to assign (x; y) in the model building in order that the { 1 0 { following relation is satised.
H g (x; y) g (x; y) = ( g 1 ( x; y))H(x; y) (x; y); which is suciently taken into account in the following section. 
which is evidently gauge invariant.
The total Dirac lagrangian is the sum over y = 0 ; :
which is gauge and Lorentz invariant and hermitian. Eqs.(27) and (35) play a n important role to reconstruct standard model.
x4 Reconstruction of standard model
In this section we present t w o model constructions using the formalism developed in the previous section. They are designed so as to reproduce standard model with constraints from the non-commutative geometry.
Model I
Let us begin with Yang-Mills-Higgs sector according to Eq.(27).
Yang-Mills-Higgs sector
The rst model we shall consider is based on the following identication for A(x; y); (x; y); and M(y) ( 
If we put = 1 ; = 1 as usual, m H = p 2m W , which i s t ypical 3) in noncommutative geometry. = ( = 1) is natural in the commutative geometry. I t is interesting to investigate whether there is a symmetry corresponding to = in the non-commutative geometry on the discrete space Z 3 .
leptonic sector
Let us reconstruct the fermionic sector of W-S theory using the formalism presented in section III. We rst consider the leptonic sector in the rst generation. Since leptons do not interact with gluons through the strong interaction, we assign (x; 0 ) = 0 . In conformity with the chiral nature of leptons we assign SU(2) doublets with left handed chirality on the second sheet y = +, and SU(2) singlets with right handed chirality on the third sheet y = . Consequently, in this context 
(50)
The leptonic mass term is simply
= m e ( e L e R + e R e L ) = m e ee :
where m e = g Y . Electron becomes massive whereas the neutrino remains massless as expected. Inclusion of three generation is very easy for leptonic sector and so we skip it.
We consider the quark sector in three generations. In contrast to lepton, quark interacts with gluon via the strong interaction and up-quark is massive. In addition to these, quark mixing between three generations is taken into account. If we put q where U is Kobayashi-Maskawa mixing matrix. In order for up-quark and downquark to be massive, two kind of assignment are necessary. The rst assignment i s to give the down-quark (x; 0) = 0;
where we abbreviate subscripts about triplet representation of SU (3) In order to determine r = b a , the gauge boson mass term is investigated from Eqs. (18) 
x5. Conclusions and Discussions
We reconstruct standard model based on non-commutative geometry on discrete discrete space M 4 Z 3 . The inclusion of strong interaction into formalism is nicely realized in both boson and fermionic sectors. For this purpose, we prepare three sheets (Z 3 ). Our framework is more akin to the ordinary dierential geometry than that of Connes and Chamseddine et al.. Although Higgs mechanism has b e e n a m ystery in particle physics, it is nicely explained owing to the theory of dierential geometry on the discrete space M 4 Z 3 . The unied picture of the gauge and Higgs elds as a generalized connection is realized. It should be stressed that the method to introduce the Dirac lagrangian in section x3 is original, not in any text book of dierential geometry. Our starting point in this paper is Eq.(1), where the unidentied factor a i (x; n) appears. The matrix M(x; y) appears through the generalized dierential derivative. The gauge eld and Higgs eld are written in terms of a i (x; y) and M(y) i n Eq.(13). We again quote it.
A (x; y) = 
which makes us imagine that a i (x; y) w ould be the more fundamental object and the gauge and Higgs bosons were composed of them. In addition to this, a i (x; y) is restricted to be P i a y i (x; y)a i (x; y) = 1 which seems to be the normalization condition for the eld. It should be remarked whether a i (x; y) becomes the physical object experimentally observed in future.
We can reconstruct Weinberg-Salam theory with the same number of parameters as in the standard model. Thus, quantization is performed as usual, contrary to the comment o f Alvarez et al 11). However, it is fun to imagine the following thing. The inner product of two-form on the discrete space Z 3 is taken to be < ; ^ > = 4 , whereas < ; > = 2 . = is natural in the commutative geometry. I t i s v ery interesting to investigate under what conditions is related to in the non-commutative geometry on the discrete space. If such a condition corresponds to a certain symmetry in the discrete space, it is conceivable to investigate the response against the quantum eect.
